
 

Here we continue the problem from
last time

Recall Celx YEE dlx.gl E E is a

closed ball of radius e centered at

Def E is totally founded if HE 0 In C IN

and Xi Xn such that E Ce Xi

Note So R S is bounded S is totally bounded

where n E 1N is finite
Example E f o D t o D

dcf.gl l.u.bflfixs gixiliXE o.BY
Q Is difg a distance

D dlf.gl so v

2 dif.gl o f g v

3 Ulf g Ifcxi gcxil lglxl fcxil dcg.fi
4 f g h E E

I fix him f I fix gangtxt had



E l fix geralt IgM hex I
E dff g t dig h

then dct.gl dig h is an upper bound

of set I fix hext X C to D

since dlf hi is the tub of this set

def hi e difigltdcg.tn
Thus dlf.gl is a distance

Claim E is bounded Indeed fol o

E C Bz fo since I fix focal f Hink I
bfix EE then dlf.fi e 1 2

Suppose we have fn EE n C IN such that

dlfi.fi 1 1 t i j
Assume E C II Cy gk if fn and friz E
Cystgko dlfm.fm sdffn gkoItdlgko.fnz1



It's Eg This contradicts with dlfi.fi1 1

Now suppose f n Io DA o D d Ifk fjI I

if k j
fnth fg if x th

if X nt
so Icfi fj I t it j
So E is bounded but not totally bounded

Exercise E is complete and totally bounded

then E is compact

proof By contradiction let assume E is

totally bounded and complete but not

compact

Let E Ui since E is not compat

E t 7 Nik for any n and I iz in



Since E is totally bounded 7 kin x'ni

St E ftCyr Xin
When r I 7 ii sit Ai Ci Xi is not
included in a finite union of Ui
when F 2 A C E juicy Nj I

A t.li Cklxj'in Ai
Then I iz s t Az Ck Xi I n A is not

included in a finite union of Ui

I am constructing An such that Anti CAN

and each An is closed If x y C An C
Cyn Xin l d ix y E 2 t I
Let An CAn i r s HE Arc As

As C As

di Xr Ns E I An is Cauchy



Since E is complete An X E E

So I Io E I s t XE Uio
Since Uio is open I E o St BeckCUio
Seket ns.t.dlxn XIs E and haze
It y c An then dly.xlsdly.xnltdcxn.nl
E E s E Thus An c Uio

This contradicts with An cannot be coveredby
finiteaninot

Limits
Obe If Ao is a cluster point of E and
f E E for E Xo E then

if m fix exits it is unique

prooff Assume q mxofcxI and qtfjna.fm



E E

ii as

If q f let E dl8z 8 7 or o O 0

Such that

d IX Xo or d fix q E

d ix Xo d di fix q's ce

If a min or or't Bal Xo Exo

Xo is not a cluster point of E
This contradicts with the assumption

Notation S CE Xo is clusterpoint in S
lim fixx Xo
XES

Example him fix him fix f RAR
x at x a

X a



Proposition f Et E KE E

f is continuous at Xo VXn St Xn Xo

fun flag


